Based on the new version of the gedanken experiment proposed by Sorce and Wald, we investigate the weak cosmic censorship conjecture (WCCC) for a Reissner-Nordström-Anti-de Sitter (RN-AdS) black hole under the perturbation of extra matter fields. Firstly, we propose that the cosmological constant can be effectively derived from the matter fields and its value varies with the matter fields perturbing the black hole. Meanwhile, we assume that the perturbation satisfies the stability condition. This condition means that after a long time of the perturbation, the black hole solution also belongs to the family of the RN-AdS solution. After that, based on both the stability condition and the null energy condition, while using the off-shell variation method, the firstorder and the second-order perturbation inequalities are derived respectively when the cosmological constant is considered as a dynamic variable. It is the first time to extend the two perturbation inequalities to contain the term of the press and volume of thermodynamics. Finally, we perform the two perturbation inequalities into testing the WCCC for the RN-AdS black hole under the second-order approximation of the perturbation. It is shown that if the variation of the cosmological constant is caused by the matter fields, while the stability condition and the null energy condition are all satisfied, the black hole cannot be destroyed after the perturbation. In other words, the WCCC for the RN-AdS black hole is valid under the second-order approximation of the perturbation.
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I. INTRODUCTION
A sufficiently compact mass can deform spacetime to form a black hole that has been predicted by General Relativity. For a black hole, it is surrounded by a special hypersurface which is called the event horizon. Moreover, a gravitational singularity exists at the center of the black hole and hides inside the event horizon. However, the singularity is usually mathematically ill-defined because the curvature of the spacetime is divergent, and the property of divergency can destroy the law of causality of the spacetime. Therefore, to ensure both the causality and well-define of the spacetime, the singularity must be surrounded by the event horizon and cannot be detected by the observer at infinity, even for the extremal black hole. Starting from this perspective, the weak cosmic censorship conjecture (WCCC) was formulated by Penrose [1] . This conjecture postulates that the singularity is demanded to be hidden inside the event horizon and it is not detected by an observer at infinity in any case. In other words, the conjecture can save the causality of the spacetime from the naked singularity.
Although the conjecture is generally suggested for any black hole, it does not exist a general procedure to prove whether the conjecture is correct. Hence, its validity should be demonstrated for case by case. In addition, the validity verification of the conjecture also depends on the method of investigation. A lot of previous research works investigated overcharging and overspinning of a black hole to support the WCCC. A pioneering work by Wald [2] demonstrated that for a test particle drops into an extremal Kerr back hole the naked singularity can never be produced in this process. It is because * xinyang wang@foxmail.com † Corresponding author. jiejiang@mail.bnu.edu.cn if the particle carries the charge (or the angular momentum) sufficiently to overcharge (or overspin) the black hole, the particle cannot be captured by the black hole due to electromagnetic or centrifugal repulsion force. Then the event horizon of the black hole is not destroyed and the singularity is still hidden in the horizon. It means that the WCCC is valid under this process. Since then, based on the research of Wald, there have been many kinds of researches to investigate that whether an extremal black hole can emerge the situation of supersaturating when it captures a particle and a wave packet of a classical field [3] [4] [5] [6] [7] . However, the method which uses a test particle to prove the conjecture has some inherent defects. The most important issue is that when considering the process of the particle dropping into the black hole, the black hole is just treated as background spacetime. In other words, the movement of the particle does not influence on the original structure of the spacetime. Moreover, Hubeny [8] proposed that violations of the WCCC might still occur using this method if one suitably added matter to a slightly non-extremal black hole. Therefore, it strengthens to illustrate that when ignoring the interaction between the gravity and test particle, the argumentation for the validity of WCCC is not sufficiently considered.
To resolve the invalidity of the conjecture and make the process of the particle dropping into the black hole more complete, the self-force effect and the back-reaction effect is involved. Based on the two effects, the conjecture has been proven to be valid for the Kerr black hole and the Reissner-Nordström (RN) black hole respectively [9] [10] [11] [12] . Recently, Sorce and Wald [13] have proposed a new version of the gedanken experiment. In this case, the interaction between the matter fields outside the black hole and the spacetime of the black hole is sufficiently considered. It means that the process of the matter fields dropping into the black hole can be regarded as a complete dynamical evolution process. Besides, it assumes that when the matter fields drop into the black hole, the spacetime geometry can also be described by the fam-ily of the original spacetime solution at a sufficient late time. Therefore, based on this perspective, it is shown that the conjecture is valid for near-extremal Kerr-Newman black holes at the second-order approximation of the perturbation. After that, using this method, the WCCC for other kinds of black holes is proved to be valid [14] [15] [16] [17] . However, for previous works, only the WCCC for the situation that the asymptotic topology of a black hole spacetime is flat was discussed without involving the AdS spacetime. Therefore, in this paper, we use the method proposed by Sorce and Wald to investigate whether the WCCC is valid for a Reissner-Nordström-Antide Sitter (RN-AdS) black hole under the perturbation of the matter field.
The cosmological constant is a parameter that plays an important role in determining the asymptotic topology of a black hole spacetime. In the theory of Einstein's gravity, the cosmological constant is regarded as a constant at any time. However, any constant in the physics theory is not fixed a priori [18] . The renormalization group theory points out that the value of the coupling constant for the Yukawa or the gauge theory depends on the energy scale, which can increase or decrease with the change of the energy scale. The Newton's constant can also change with the expansion of the universe. Therefore, various investigates have been considered the cosmological constant as a dynamical variable [19, 20] . Especially, in the study of the black hole thermodynamics, the cosmological constant can be regarded as the press appearing in the first law of black hole thermodynamics. Meantime, the thermal conjugate quantity of the press is defined as the thermodynamic volume [18, [21] [22] [23] . From this point of view, the mass of the black hole can be regarded as the enthalpy, not energy. Based on it, several properties of the black hole thermodynamics have been found, such as, Van der Waals phase transition, re-entrant phase transitions, and holographic heat engines, etc [24] [25] [26] [27] [28] [29] . It strongly suggests that when considering the dynamics of the AdS spacetime, the cosmological constant should be regarded as a variable. Hence, some researchers regard the cosmological constant as a variable to investigate the WCCC of AdS black hole when the black hole is perturbed by a test particle [30] [31] [32] [33] [34] . However, the situation, where the AdS black hole and the matter fields constitute a complete dynamical system and the interaction between them is fully considered, has not been investigated. Therefore, in our investigation, we assume that the cosmological constant is derived from the matter fields, while its variation is also caused by the evolution of dynamical system composed of the spacetime and the matter fields. Based on the notions, we would like to discuss whether the WCCC for a RN-AdS black hole is still valid under the second-order approximation of the perturbation.
The organization of the paper is as follows. In Sec. II, we discuss the spacetime geometry of RN-AdS black holes under the perturbation from the extra matter field and propose the stability condition. In Sec. III, based on the stability condition and the null energy condition, we present the process of the new version of the gedanken experiment and derive the first-order and second-order perturbation inequalities for the RN-AdS black hole. In Sec. IV, using the two perturbation inequalities, we investigate the gedanken experiment to destroy RN-AdS black hole and prove the WCCC is valid under the second-order approximation of the perturbation. The paper ends with discussions and conclusions in Sec. V.
II. PERTURBED GEOMETRY OF RN-ADS BLACK HOLES
In the following, we would like to consider the WCCC for the four-dimensional Einstein-Maxwell-AdS gravitational theory perturbed by extra matter sources. The Lagrangian four-form of the Einstein-Maxwell-AdS gravity is given by
where F = dA is the strength of the electromagnetic field, A is the vector potential of the electromagnetic field, R is the Ricci scalar, and Λ is the cosmological constant with negative value. Based on the Lagrangian, the RN-AdS black hole solution can be expressed as
where
is the blackening factor. The parameters M and Q are associated with the physical mass and electric charge of the black hole. The radius of the event horizon r h is corresponding to the largest root of the equation f (r) = 0. Furthermore, the surface gravity, area, electric potential, thermodynamical press and volume for the event horizon are given as follows:
For dealing with most issues in the theory of AdS gravity, the cosmological constant is usually regarded as a constant. However, there are a lot of studies to treat the cosmological constant as a dynamical variable, meantime, it is considered as a effective parameter determined by the matter fields coupled to the Einstein gravity. Therefore, from this perspective, we can consider the following Lagrangian of the Einstein-Maxwell gravity coupled to some extra matter fields
From this Lagrangian, the Einstein-Maxwell-AdS gravity can be efficiently derived if there exists a stable solution of the extra matter fields such that
where T ab is the stress-energy tensor of the extra matter fields. In the following derivation, we only consider the situation that the matter fields can contribute the term of cosmological constant to the stress-energy tensor. Therefore, the cosmological constant in the RN-AdS black hole solution can be treated as a variable. Next, we consider a one-parameter family spherically symmetric matter perturbation in the RN-AdS black hole. In this family, the equation of motion can be written as
where j a corresponds to the electromagnetic charge current, and T EM ab is the stress-energy tensor of the electromagnetic field which can be expressed as follows:
In our investigate, we only focus on the case where the perturbation is vanishing on the bifurcation surface B and satisfies the stability condition. In which, the stability condition states that at the sufficiently late time, the spacetime is also described by the RN-AdS solution, i.e.,
with the blackening factor
Then, the stress-energy tensor of the extra matter fields at sufficiently late time is given by
To ensure the above properties, both the energy and the electric charge currents must pass through a finite portion of the future event horizon and entry into the black hole. Then, we can always choose a hypersurface Σ = H ∪Σ 1 . Here H is a part of the event horizon which is starting from the bifurcation surface and continuing up the future horizon until the twodimensional surface B 1 at sufficient late time. Furthermore, the hypersurface becomes spacelike and goes to asymptotic infinity through the isochronous surface Σ 1 . The geometry of the surface Σ 1 can be described by Eq. (9).
III. PERTURBATION INEQUALITIES
In order to obtain the first-order and the second-order perturbation inequalities, we will use the off-shell variation based on Iyer-Wald formalism [35] to consider the Einstein-Maxwell gravitational theory. Firstly, we focus on a general diffeomorphism-covariant theory on a four-dimensional spacetime with the Lagrangian four-form L. In the Einstein-Maxwell gravity, the dynamical fields consist of a Lorentz signature metric g ab and the electromagnetic field A. Therefore, we will use the symbol φ to represent the collection of the field operators, i.e., φ = (g ab , A). When we consider a oneparameter family of the dynamical fields φ (λ ), the variation of the quantity η related to the field φ is defined by
Then, using the off-shell variation, the variation on L is formally given by
where E φ = 0 is the equation of motion of the on-shell fields related to the Lagrangian L, and Θ is called the symplectic potential three-form which is locally constructed out of φ and its derivatives. In Einstein-Maxwell gravity with Lagrangian
the specific expressions of the E φ is formally given by
and
In the above expresses, T ab and j a can be treated as the stressenergy tensor and the electric current of the extra matter fields as mentioned in the last section. In the RN-AdS background, the stress-energy tensor has the form as Eq. (6). In addition, the total symplectic potential three-form Θ(φ , δ φ ) in Eq. (13) can be decomposed into two parts which represent the gravity and the electromagnetic field respectively,
The symplectic current three-form is defined as
which can also be decomposed into the gravity part and electromagnetic part in Einstein-Maxwell gravity respectively, i.e.,
The specific expressions of the two parts are given by
In which, we denote
Let ζ a be a infinitesimal generator of a diffeomorphism. Replacing δ by L ζ in Eq. (13), one can define the Noether current three-form J ζ associated with ζ a ,
Besides, it was shown in Ref.
[2] that the Noether current can be written in the form
where Q ζ is called the Noether charge and C ζ = ζ a C a are the constraints of the theory. When C a = 0, the equation of motion of the fields is satisfied. In the theory of Einstein-Maxwell gravity, the Noether charge can also be decomposed into two parts which represent the conservation charge of the gravity and the electromagnetic respectively, i.e.,
where the specific expression of the Q GR ζ and Q EM ζ can be given as
and the constraints can be shown as
For the situation that the perturbation of the RN-AdS black hole comes from the extra matter fields, we would like to investigate the spherically symmetric perturbation which satisfies the stability condition as mentioned above. Therefore, we consider the diffeomorphism generated by the static Killing vector field ξ a = (∂ /∂t) a in the background geometry. By virtue of the diffeomorphism, we can also choose a gauge condition such that the coordinates (t, r, θ , φ ) are fixed under the variation. As a result, we have δ ξ a = 0. From the variations of Eqs. (24) and (25) , one can obtain the first-order variational identity,
(29) Taking the variation on the above identity again, the secondorder variational identity can also be obtained and it can be shown as
where we have used the fact that ξ a is a symmetry of the collection of the background fields φ such that L ξ φ = 0. Next, according to Eq. (29) and Eq. (30), we will derive the first-order and the second-order perturbation inequalities. Firstly, we calculate the first-order variational identity from Eq. (29) . Integrating it on the hypersurface Σ and utilizing the condition L ξ φ = 0, we have
Following the similar consideration in Ref. [13] , we also impose the gauge condition of the electromagnetic field such that ξ a δ A a = 0 on H . According to the calculation in Appendix A, if the perturbation satisfies the stability condition, this identity can reduce to
where we have used the null energy condition δ T ab k a k b ≥ 0 of the extra matter fields under the first-order approximation of the perturbation. In which, k a ∝ ξ a is the future-directed normal vector on the horizon H and˜ is the volume element of H which is defined by eabc = −4k [e˜ bcd] . The main purpose of our investigation is to discuss whether the perturbation comes from the extra matter fields can violate the WCCC. Considering the stability condition, it is equivalent to check whether the geometry on Σ 1 describes the spacetime that contains a naked singularity. Fig.1 shows that the naked singularity can be obtained by increasing the charge Q or decreasing the cosmological constant Λ for the positivecharge case in RN-AdS spacetime. It is because the event horizon of the black hole vanishes when the minimal value of f (r) changes from negative to positive. This result implies that the optimal choice to violate the RN-AdS black hole is to saturate the inequality (32), i.e.,
which can also be expressed as
This optimal condition also implies that the energy flux through the event horizon vanishes under the first-order approximation of perturbation. Secondly, using Eq. (30), we calculate the second-order variational identity. Integrating it on the hypersurface Σ, we have
where we denote
According to the calculation in Appendix B and performing the optimal condition of the first-order variational identity, the second-order variational identity can reduce to
Based on the optimal condition of the matter fields, the null energy condition can be expressed as δ 2 T EM ab + δ 2 T ab k a k b ≥ 0 under the second-order approximation of the perturbation. Then, Eq. (37) can be written as the following inequality,
Therefore, the calculation of the second-order perturbation inequality is remain to evaluate E Σ 1 (φ , δ φ ) and Y (φ , δ φ ). As discussed in [13] , since the expression of the vector potential of the electromagnetic field dose not satisfy the gauge condition ξ a δ A a = 0 on H , the quantities related to δ A and δ 2 A on the hypersurface Σ 1 cannot be calculated directly. In other words, we cannot directly perform the expression of electromagnetic part in Eq. (2) to calculate E Σ 1 (φ , δ φ ) and Y (φ , δ φ ). However, following the trick introduced in [13], we can equivalently calculate them on the variation of family of the RN-AdS solution with the parameters
, while δ M, δ Q and δ Λ are chosen to agree with the first-order perturbation value of the extra matter fields. Then, E Σ 1 (φ , δ φ ) and Y (φ , δ φ ) can be evaluated in this family straightly. According to the calculation in Appendix C, we can obtain
Therefore, using this result, the second-order perturbation inequality is reduced to
Substituting Eq. (4) into it, the second-order perturbation inequality can also be written as
IV. GEDANKEN EXPERIMENT TO DESTROY A NEARLY EXTREMAL RN-ADS BLACK HOLE
In this section, we will perform the first two order perturbation inequalities into testing the WCCC for the RN-AdS black holes under the second-order approximation of the perturbation. As mentioned above, under the stability condition, the key point here is to check whether the metric on Σ 1 can be described by a spacetime geometry of RN-AdS black hole. This issue is equivalent to check whether the event horizon still exists after the perturbation of the matter field. From Fig.1 , it is shown that the curve of the function f (r) has negative minimal value for any black hole solution, and when the minimal value becomes positive, the metric describes a naked singularity geometry. In other words, testing the WCCC is equivalent to check the sign of the minimal value of the blackening factor f (r, λ ) in Eq. (10) . If the minimal value of f (r, λ ) is positive, the WCCC is invalid under the perturbation. Therefore, based on above statements, we define a function
to described the minimal value of blackening factor of the metric at sufficiently late time. In which, r m (λ ) is defined as the minimal radius of the function f (r, λ ), and it can be determined by
while this equation gives
Considering the second-order approximation of λ , we can obtain the following expression
Taking the first-order variation on Eq. (45), we can get
Following a similar process in Ref. [13] , we consider the case where the background geometry is a nearly extremal RN-AdS black hole which satisfies r m = (1−ε)r h with some small parameter ε chosen to agree with the first-order perturbation of the extra matter fields. Then, Eq. (45) implies that
under the first-order approximation of ε. In the meantime, the minimal value f (r m ) under the second-order approximation of ε can also be obtained as
which gives the following relation
Utilizing the optimal condition of the first-order and the second-order perturbation inequalities, while combining above results, the minimal value of the blackening factor f (r, λ ) under the second-order approximation of the perturbation can reduce to
Solving the equations f ((1 + ε)r m ) = 0 and f (r m ) = 0 under the zero-order approximation of ε, we can obtain
Finally, substituting it into Eq. (52), we have
under the second-order approximation of the perturbation. Since r m is the minimal value of f (r), we have f (r m ) > 0. Therefore, Eq. (54) means that the value of h(λ ) is negative under the second-order perturbation, i.e., h(λ ) ≤ 0. This result implies that the RN-AdS black hole cannot be destroyed if the perturbation of the extra matter fields satisfies the stability condition. It means that when the cosmological constant is treated as an efficiently parameter of the matter fields, and the perturbation process satisfies the stability condition, the WCCC is still valid under the second-order approximation of the perturbation.
V. CONCLUSIONS
We investigate the validity of the WCCC for RN-AdS black holes under the second-order approximation of the perturbation that comes from the spherically symmetric extra matter field, where the spacetime of the black hole and matter field is regarded as a complete dynamical system. In the meantime, the cosmological constant is seen as a dynamical variable, which can be derived from the extra matter fields and its value varies with the perturbation of the matter fields. After that, we propose the stability condition which states that after a long time of the perturbation, the geometry of spacetime also belongs to the family of the RN-AdS solution. Using the stability condition and the null energy condition, the firstorder and second-order perturbation inequalities are derived respectively. Since the cosmological constant is regarded as a dynamical variable during the derivation, the two perturbation inequalities are extended to contain the term of press and volume of the thermodynamics firstly. Finally, based on the two perturbation inequalities, while the stability condition and the null energy condition are all satisfied, we investigate whether the RN-AdS black hole can be destroyed after the perturbation of the matter fields. It is shown that under the second-order approximation of the perturbation, the black hole cannot be destroyed. It means that when the spacetime and matter field is treated as a complete dynamical system and the cosmological constant is regarded as a variable, while the two conditions are all satisfied, the WCCC for the RN-AdS black hole is also valid after the perturbation from the matter fields. In this Appendix, we would like to calculate the first-order variational identity in Eq. (31) . Using the Stoke's theorem and considering ξ a is a tangent vector on the hypersurface H , it can be reduced to
After regarding the cosmological constant as a dynamical quantity, the divergence will appear in the integral on the infinity. Therefore, we choose a cut-off sphere S c with radius r c to replace the asymptotic infinity boundary of Σ 1 . In finial results, we will take the limitation such that S c approaches asymptotic infinity. According to the assumption introduced in Sec. II, we assume that the perturbation is vanishing on the bifurcation surface B. Therefore, the second term can be directly neglected. Following a similar setup of Ref. [13] , we also impose the gauge condition of the electromagnetic field such that ξ a δ A a = 0 on H , which implies that we cannot directly performÃ
to calculate the quantities related to δ A and δ 2 A on the hypersurface Σ 1 . However, since F (λ ) is gauge invariant, it is reasonable for us to evaluate the quantities on Σ 1 using the explicit expressions of metric and electromagnetic strength in Eq. (9) . The volume element of the spacetime on Σ 1 can be written as
which implies that δ = 0. Using the equation of motion (15) , the stress-energy and electric current on Σ 1 can be expressed as
Firstly, we turn to evaluate the integrals on the hypersurface Σ 1 . For the third term of Eq. (55), substituting Eq. (15) into it, we have
where Eq. (58) on Σ 1 has been used. Based on the expression of the metric (9), we can obtain g ab δ g ab = 0, which means that the third term also vanishes. For the fourth term of Eq. (55), we evaluate the constraints on Σ 1 firstly. According to Eq. (28), we can obtain
on the hypersurface Σ 1 . Then, the fourth term can be obtained as
where we have denoted
Secondly, we will calculate the integrals on the event horizon H . For the fifth term, the integral is equal to zero directly because the Killing vector contracting with the volume element vanishes on the event horizon H . For the sixth term of Eq. (55), using the fact that j a = T ab ξ a ξ b = 0 for the background fields, we have 
Then, Eq. (63) reduces to
Finally, we consider the first term of Eq. (55). This term can be decomposed into the gravity part and electromagnetic part. For the part of gravity , from Eqs. (18) and (27) , and using the explicit expressions in Eq. (9), we can obtain
Then, we have
where we have taken the limit r c → ∞ and only retained the divergent term. For the part of electromagnetic, as mentioned above, the explicit expression of A(λ ) cannot match into the gauge condition ξ a δ A a = 0 to evaluate δ A and δ 2 A. Therefore, we only perform the expressions of g ab (λ ) and F (λ ) in Eq. (9) to evaluate this part. According to Eqs. (18) and (27), we can obtain
on the hyersurface Σ 1 . Utilizing the explicit expressions (9), we can further obtain
Therefore, Eq. (68) reduces to
Furthermore, we can obtain
Summing above results, the first-order variational identity can be expressed as 
Since the perturbation of the matter fields vanishes on B, the second term of Eq. (73) is also neglected. With similar calculation as Appendix A, using the explicit expressions in Eq. (9) on Σ 1 , we have
Hence, the gravity part of the first term can be obtained as
For the electromagnetic part, according to (70), we have
on the hypersurface Σ 1 . Therefore, the electromagnetic part of the first term becomes
where we denoted
Therefore, the first term of Eq. (73) can be expressed as
For third term, considering the optimal choice of the firstorder equality (33) and the gauge condition ξ a δ A a on H , we can also obtain
For the fourth term of Eq. (73), according to Eq. (60), we can further obtain
Analogous to the calculation in Appendix A, on the hypersurface Σ 1 , we can also obtain
where we have used the conditions (58) on Σ 1 . Then, based on the explicit expression of g ab (λ ) in (9), we can directly obtain g ab (λ ) dg ab (λ ) dλ = 0.
Therefore, the fifth term of Eq. (73) vanishes, and the sixth term of Eq. (73) is neglected directly because the Killing vector contracting with the volume element is equal to zero on the event horizon. For the seventh term of Eq. (73), with similar calculations in Ref. [13] for the static case, we have E H = H˜ bcd δ 2 T EM ae ξ a k e .
Finally, combining above results, the second-order variational identity can be expressed as
(85)
APPENDIX C: DERIVATION OF SECOND-ORDER PERTURBATION INEQUALITY
In this appendix, we would like to calculate the quantity E Σ (φ , δ φ ) + Y (φ , δ φ ) and derive the second-order perturbation inequality (38). Note that both E Σ (φ , δ φ ) and Y (φ , δ φ ) are only evaluated on the hypersurface Σ 1 , where the dynamical fields can be described by (9) , and they are only dependent on the first-order variation of the dynamical fields. Therefore, we can equivalently calculate the two quantities on the variation of family φ RA (λ ) of the RN-AdS spacetime where the metric and electromagnetic strength can be written as ds 2 RA (λ ) = − f RA (r, λ )dt 2 + dr 2 f RA (r, λ ) + r 2 dθ 2 + sin 2 θ dφ 2 ,
with the blackening factor 
Here we also impose the gauge condition ξ a δ A RA a = 0 on the horizon H . Under this setup, it is not difficult for us to check δ φ RA = δ φ on the hypersurface Σ 1 , which means
In this one-parameter family, integrating the second-order variational identity on Σ 1 and using Stoke's theorem, we can obtain
With similar calculation as Appendix B, and setting δ 2 M RA = δ 2 Q RA = δ 2 Λ RA , the last two terms vanish, and the first term becomes
Then, Eq. (89) is reduced to
According to Eqs. (76) and (74) and considering the gauge condition ξ a δ A a = 0 on H , Eq. (91) can be reduced to
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